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DEFINITIONS

In this section presented only the basic definitions and notions (there are taken
from [1-2]). For convenience of narration we will recall some of them in the right
places and other new ones will be introduced later.

A norm of an element X is denoted ||| and defined by dist(x,0) in Euclidean

space R" with Euclidean distance

dist(x,y)=_[>(x —yi)2

between points x, y € R". In an abstract situation, we can first axiomatically define
the distance dist(x,O) from x to the origin and then the distance between any two
points will be dist(x, y)=dist(x—y,0).

A norm is a real-valued function || defined on linear space X if

1. |x||= 0 vector x (nonnegativety),

2. |ax|=|al|x| for all numbers a and vectors x (homogeneity),

3. [x+y|<|x|+]y| for all vectors x and y (triangle inequality) and

4. |x| =0 implies x=0 (nondegeneracy).

A norm more general than dist(x, y) is obtained by replacing the index 2 by an
arbitrary number p €[1,00). In other words, in R" the function

i, =( S0 )

satisfies all axioms of a norm. For p =co, above norm is completed with

] =supl|
because
im [, = ..

R" provided with the norm HHP is denoted R7 (1< p<oo).

The space |, of infinite sequences of numbers x=(x;,X,,...) that have a finite
norm ||x||IO is the most immediate generalization of R; (defined by norm in above
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definition of norm, where i runs over the set of naturals). More generally, the set of
indices | ={i} may depend on the context.

The jth unit vector in | is an infinite sequence e, =(0,..,,0,1,0,...) with unity
inthe jth place and 0 in all others.

A o-field J is a nonempty family J of subsets of some set Q if

1. unions, intersections, differences and complements of any two elements of J
belongs to J,

2. the union of any sequence {A,:n=12,...} of elements of J belongs to J and

3. Q belongs to J.
In probabilities, o -fields play the role of information sets.

A measurable space is a pair (©,J), where Q is some setand J is a o -field of

its subsets. A set function s defined on elements of J with values in the extended
half-line [0,0] is called o -additive measure if for any disjoint sets A, A,, ...€J one
has

The space L. Let (Q,S,y) be any space with a o -additive measure 4 and let
1< p<oo. The set of measurable functions f :Q — R provided with the norm

Yp
1, ~{flr 0P| azp<ce
Q

is denoted space L, =L, (Q) In the case p =oo this definition is completed with

|f|. =esssup,.,

f (x)|= inf sup|f(x).

H(A)=0 xeQ\A

The term in the middle is, by definition, the quantity at the right and is called essential
supremum. These definitions mean that the values taken by functions on sets of
measure zero don’t matter. An equality f (t) =0 is accompanied by the caveat “almost

everywhere” (a.e.) or “almost surely” (a.s.) in the probabilistic setup, meaning that
there is a set of measure zero outside which f (t)=0.

A sequence of random variables {g, :t=12,...} is called adapted to {3, }, where
{St:tzl,z,...} is an increasing sequence of o-fields contained in J:

3 S-S c...c 3, if g is I, -measurable for t=12,....
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{e,,3,} or, shorter, {e} isamartingale difference (m.d.) sequence, if a sequence
of integrable variables {e,} satisfies
1. {e} is adapted to {3}
and
2. E(e3,,)=0 for t=12,..., where 3, ={0,Q}.
Martingale difference (m.d.) array. Consider a family
X3 1.k, }:n=12..}, where {k } is an increasing sequence of integers,

are nested sub- o -fields of Q,

{ }neNtl . are random variables and {3, } Nk,
3

nea < 3, forall n, t. Such a family is called martingale difference (m.d.) array if
1. Xnt 3, -measurable,
2. X, is integrable,
3. E(X,|3,,.4)=0forall n,t.
A family {X_:7eT} of random variables is called uniformly integrable if

m—o0 re

Let 1< p<oo. For each natural n the set

{t/n:t=0,...,n}
is called a uniform partition. The intervals
i, =[(t-1)/n,t/n)

form a disjoint covering of [0,1) of equal length 1/n. Denoting [a] as the integer part
of a real number a, we can see that the condition

X el
IS equivalent to
t-1<nx<t,
which, in turn, is equivalent to
t=[nx]+1.



The function [nx]+1 can be called a locator because x i, forall xe[0,1).

For each natural n, we can define a discretization operator

O,:L, =R

(6,F) —n]/(*jF x)dx, t=1...n, FeL,,

where q is the conjugate of p, i.e.
1+1:1.

Up to a scaling factor, the t -th component of 6, F is the average of F over the

interval i,. For a given F e L, the sequence {5on ‘ne N} is called L, -generated

by F.
The interpolation operator

Ay R"—> L, (02)
is defined by
( anth[tlt ., weR".
If w, € R" for each n and there exists a function W  L(0,1) such that

then we say that {Wn} is L, -approximable and also that it is L -close to W .

A w —W

np " 'n

—0, n—> o,
Lp(01)

A linear process. Let {{ oI iteZ}: neZ} be a double-infinite m.d. array.
Except that the set is wider, this satlsfles the same requirements as a one-sided array
{{Xm, t=1..,k,}n :1,2,...}. Fixing a summable sequence of numbers {z,z/J}

jeZ
denote



v, = Zenytfjl//j ,teZ
jez
The array {Vm ‘t,ne Z} Is called a linear process (with short-range dependence).

We suppose that for each neN given a vector of weights w, e R". The
convolution operator T, :R? — 1 (Z) defined by

W) :Z\Ntl//t—j , JeZ,
t=1

where {y/j}_ , Is a summable sequence of real numbers.
Je

Sometimes it is convenient to represent T,w as

T w
Tw=|Tw |,
T, 'w

where TW:RI —1 (j>n), T'w:R} >R (1<j<n), T w:Rl -1 (j<1) are
defined by
(T+W)j =(T,w),, j>n,

n

n

(Tow), =(Tw);, 1< j<n,

The above three operators are called trinity [1, P.55]. Naturally, T, is called a T -
operator.

T -decomposition. Consider the convolution operator T, : R} — 1 (Z) defined by

n

Z Wi J€Z

For any vector of weights w. € R} and linear process {vm}ntez the linear form w/v_
defines T -decomposition as

WV _Z Zentjl/lj Zemz Vi = Zem

t=1 jez ieZ t=1 ieZ
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The discretization and interpolation operators. Corresponding to uniform
covering of (0,1) we can define uniform covering of the square Q = (O,l)2 consisting
of small squares

0y =1, xi;, 1<s,t<n,

of area n”*. For a given F e Lp((o,l)z), 5,,F is defined by

(5on)st :nz’qu(x)dx, 1<s,t<n,

Ost

here x=(x,,X,) and dx is the Lebesgue measure on the plane. If f is a matrix of size
nxn, the step function A f is, by definition,

n
2/
A, f=n pz fol,.

s,t=1

here 1 is the indicator. &,, and A are called discretization and interpolation operators,

respectively.
Slowly varying (SV)function. A real-valued, positive, measurable function L on
[A ) is slowly varying (SV) if

L(rx)

lim——==1forany r >0.

LK)

A Hilbert space is a linear space that is endowed with a scalar product and is
complete in the norm generated by that scalar product.
Let A be a compact linear operator in a Hilbert space with a scalar product (-,-).

1
The operator H :(A*A)E is called the modulus of A, here A" is the adjoint operator
of A.If A=A", then we say that operator A is selfadjoint. The eigenvalues of H,

denoted s,, 1=1,2,..., and counted with their multiplicity, are called s -numbers of A
The operator A is called nuclear if
D si<o (D |4 <o when A is selfadjoint),

where {4} are eigenvalues of A.



NOTATIONS AND ABBREVIATIONS

N={L23,..}

N, ={0,1,2,3,...}
Z={..—3-2-10123,..}
R

Rn

Rn

p

11,

np
np
a.e.
cdf
pdf
i.i.d.
m.a.
LIE
1-D

a.s.
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set of positive integers
set of positive integers including 0 (zero)
set of integers

set of real numbers
set of n dimensional vectors with
elements from R

set R" provided with the norm [ , see

definition of norm
space |, of infinite sequences of

numbers, see definition of the space I
space L, see definition of the space L
convergence in probability as n— oo

convergence in distribution n— oo

a is an element of set (space) A
a is not an element of set (space) A
A subset (subspace) of B

A subset (subspace) of B but not equal
union of sets (spaces)

intersection of sets (spaces)
relative complement of sets (spaces)
the integer part of a real number a

function f has a norm of space where it

defined
indicator of set A

discretization operator
interpolation operator

almost everywhere

cumulative distribution function
probability density function
independent identically distributed
martingale difference

martingale array

Law of iterated expectations

one dimensional

two dimensional

almost surely



SV

Qs =1 X1

11

slowly varying
interval [(t—1)/n,t/n), where 1<t<n
square, where 1<s,t<n,



INTRODUCTION

Topicality of the research theme. Consider a model
A :a+ﬂL(t)+ut, t=1...,n,

where L is a positive, measurable on [A,), A>0, and

Iimwzl forany r>0
= L)

function, or, shortly, L is a slowly varying function (SV). For the case when the errors
{ut} are stationary, Phillips [3] obtained the asymptotic distribution of the OLS

estimators ¢ and £.
We consider integrated errors

u,=pu_,+v, t=2,..n,

where p =1 under the null hypothesis and {vt} Is a non-causal linear process

V=Y ce .

ieZ

Integrated errors and non-causal linear processes have many applications in
statistics and econometrics. Results presented in this work can be used in derivation
the limiting distribution of the unit root test statistic for our main regression model.
Statement of this problem you can read in work of Uematsu [4]. This problem is open
at present time.

Also, as one can see we restrict our attention to models with deterministic
regressors. Models with such regressors have many applications [5-11].

Another application of this research is to address the problem of early detection
of bubbles. This is a macroeconomic problem that has direct implications for monetary
and fiscal policies. A school headed by P. Phillips has provided a decisive component
of the statistical procedure [12-15].

The aims and objectives of the study. The work is devoted to studying:

1) central limit theorems for quadratic forms of linear processes {vt};

2) add a couple of sequences to the list of L -approximable sequences contained
in Mynbaev [16];
3) prove Uematsu’s result [4, P.10] on the asymptotic distribution of & and 3

under less restrictive conditions.
The main provisions for the defense of the dissertation:
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1) Obtained convergence of some quadratic forms used in regression analysis.
2) Obtained central limit theorems for linear and quadratic forms.
3) Added a couple of sequences to the list of L -approximable sequences

contained in Mynbaev [16, P.321].

4) Proved Uematsu’s result [4, P.10] on the asymptotic distribution of OLS
estimations ¢ and g under less restrictive conditions.

5) Done Monte-Carlo simulations for the asymptotic distribution of OLS
estimations ¢ and 2.

The objects of research regression with slowly varying regressors, regression
with asymptotically collinear regressors, non-causal linear processes, quadratic forms,
central limit theorems.

The research subjects L -approximable sequences, quadratic forms of linear

processes, central limit theorems.
Research methods L -approximation method of Mynbaev (see [16, P.314]),

central limit theorems.

Novelty of the dissertation research is that the main model with a slowly
varying (SV) regressor in the presence of a unit root, also regression model has
integrated errors u, = pu,_, +V,, t=2,...,n, and {v,} is a non-causal linear process.

Results in Section 3 generalize to the non-causal linear processes some statements
from [17, P. 979; 18, P.172].

Result in Section 4 extends Mynbaev’s theorems [16, P.323] on convergence of
quadratic forms to the case of asymmetric kernels.

Section 5 considers a couple of new L -approximable sequences.

The study of the main model with integrated errors gave us the asymptotic
distribution of & and 4. Uematsu characterized convergence in distribution of ¢ and

A, and it turned out to be very different from Phillips [3, P.565] had with stable errors.

In Section 6 we prove Uematsu’s result [4, P.10] on the asymptotic distribution of &
and 4 under less restrictive conditions.

Theoretical and practical significance of the research. This research constitute
step in solving problem about unit root test. Also, has attracted number of applications
in Econometrics and Statistics (see [4, P.2; 5, P.1048; 6, P.19; 7, P.59; 8, P.501; 9, P.1;
10, P.1771; 11, P.1153])).

Connection of the dissertation thesis with the other scientific research works.
The dissertation work was implemented within the scientific projects of the program
of grant financing of fundamental researches in the areas of natural sciences of the
Ministry of education and science of the Republic of Kazakhstan “Prediction of rare
events and spatial effects in financial and commodity markets” (2015-2017 years, Ne
4084/GF4) and “Estimation of discontinuous densities and distribution functions in
relation to applications in economics, finance and insurance” (2018-2020 years,
AP05130154).

The work approbation. Results of the work were presented and discussed at the
following conferences [19-21] and seminars: “Actual problems of pure and applied
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mathematics”, Almaty, 2015; Second International Conference on Statistical
Distributions and Applications ICOSDA, Niagara Falls, Canada, 2016; XIlII
International scientific conference of students and young scientists “Lomonosov-
20177, Astana, 2017; the city scientific seminar "Differential operators and their
applications”, Almaty, 2017; scientific seminar of Institute of mathematics, physics
and informatics, Almaty, 2017; the city scientific seminar "Differential operators and
their applications”, Almaty, 2019. Results of this dissertation were discussed with
probability, statistics and econometrics specialist Carlos Brunet Martins-Filho during
the scientific training in University of Colorado at Boulder, Colorado, USA, 2016.

Publications. Based on results of the dissertation 7 works were published: 5
journal articles (1 in Scopus indexed Journal [22] and 4 in journals recommended by
the Committee for Control in Education and Science of the Ministry of Education and
Science of the Republic of Kazakhstan [23-26]) and 2 in proceedings of international
scientific conferences [19, P.24; 20, P.56; 21, P.9].

Volume and structure of the dissertation. The work includes the title page,
contents, normative references, definitions, notations and abbreviations, introduction,
7 sections, conclusion and references. Total volume of dissertation is 72 pages, the
work contains 5 illustrations, 1 table and 42 literature references.

Main content of the dissertation. The introduction includes actuality of the
research theme, aims and objectives, the main provisions for the defense of the
dissertation, the research object and subject, methods, novelty and theoretical and
practical significance of the research, connection of the dissertation thesis with the
other scientific research works, the work approbation, author’s publications, and
volume, structure and content of the dissertation thesis.

The first section contains a more detailed introduction to the work.

The second section gives preliminary results like useful lemmas, theorems and
assumptions which will be used in dissertation work.

The third section consists of research on convergence of some quadratic forms
used in regression analysis.

The fourth section gives central limit theorems for linear and quadratic forms with
proofs.

The fifth section is about slow variation and L -approximality. Here we add a

couple of new sequences to the list of L -approximable sequences contained in

Mynbaev with proofs.

The sixth section contains the proof of the asymptotic distribution of the OLS
estimators ¢ and 3.

The seventh section contains the Monte-Carlo simulations for the OLS estimators
a and g.

The conclusion lists and generalizes the main results obtained during the
implementation of the dissertation thesis.
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1 OVERVIEW AND BRIEFLY ABOUT RESULTS

Convergence in distribution of sequences of random variables plays a central role
in the theory of probability and statistics. Sequences of linear and quadratic forms are
among the most important. Existence of a large number of different asymptotic
statements is explained by the fact that different applications require different formats
and conditions. This dissertation work concentrates on weak convergence of linear and
guadratic forms arising in regression analysis. The book by Tanaka [18] can serve as a
comprehensive introduction to this area.

Central limit theorems (CLT’s) deal with convergence in distribution of linear
forms of type

n (1.1)
D WV, as n—>oo,
t=1

where
v=(v,..,Vv,) €eR"
is a random vector and
wo=(W,,..,w ) eR"

Is a deterministic vector.
One popular approach to modeling dependence of {vt} over time is to specify it

as a linear process defined by the convolution

V=Y ce,, teZ, (1.2)
ieZ
where {e}

sequence of numbers.
If ¢, =0 for i <0, we have

is a sequence of random variables and {c{. , is a double-infinite

o= 1.3
V=Y ce,, teZ, (1:3)
i=0

the process (1.2) is called causal; otherwise it is called non-causal.
The theory critically depends on whether
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o, EZ|Ci|<oo (1.4)

ieZ
or

o, =00 but Zcf <o, (1.5)

ieZ

If (1.4) holds we say that (1.2) is a short-memory process, if (1.5) holds we say that
(1.2) is a long-memory process.

Square-integrable m.d. sequences are uncorrelated and have mean zero (see proof
of this fact in Mynbaev [1, P.31]). The generality of the m.d. assumption is often
reduced by the necessity to restrict the behavior of the second-order conditional
moments by the condition

So, the results presented in this work hold for {et} martingale differences but, for

simplicity, we assume that
Assumption A. The innovations {et}, teZ, are independent identically

distributed (i.i.d.), satisfy

teZ

Ee, =0, o’ =Ee’ <, Eg' <o forany teZ
and the constants {c;} satisfy

a, =Y |c| <o (short-memory).
ieZ

It follows that {vt}tez are identically distributed. The method presented here is
flexible in modeling {w,} but is limited to short-memory processes. We also consider
quadratic forms of type

Q. (k,) =Vvk,v, (1.6)

where Kk, is a deterministic nxn matrix and the random vector v is the same as above.
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Quadratic forms involving linear processes were considered by many authors. For
example, Horvath and Shao [27] established approximations for quadratic forms of
dependent random variables and obtained necessary and sufficient conditions for weak
convergence of weighted functions of quadratic forms, Wu and Shao [28] considered
asymptotic problems in spectral analysis of stationary causal processes, Bhansali et al.
[29], [30] established central limit theorems for quadratic forms of causal linear
processes with long-memory. Many authors, including Tanaka, Horvath and Shao,
Phillips employed properties of Brownian motion in their derivations.

All results presented in this work evolve around the L -approximability notion

introduced in Mynbaev [16, P.308]. The general idea behind L -approximability is to

represent sequences converging to deterministic vectors with functions of a continuous
argument. It is realized as follows (for convenience here we recall the definitions). Let
1< p <. The interpolation operator

A, R =L, (02)

is defined by
(AW ”pZW][m  weR",

If w, € R" for each n and there exists a function W  L(0,1) such that

then we say that {Wn} is L, -approximable and also that it is L -close to W .

The Section 2 contains preliminary results like useful lemmas and theorems and
assumptions which will be used in this dissertation.

In Section 3 we consider convergence in distribution of two quadratic forms
arising in unit root tests for a regression with slowly varying regressor. The error term
IS a unit root process with linear processes as disturbances. We apply results from [31,
P.348] and [1, P.122] for non-causal processes to characterize the asymptotic
distribution of these quadratic forms. Obtained results generalize to the non-causal
linear processes some statements from [17, P.979;18, P.172].

To present the results of Section 3 here, we introduce the following:

Assumption B. The process {ut} possesses a unit root under the null hypothesis

p=1in

—0, n—> o,
Lp(01)

np''n

U = puy + Vi,

17



where {v,} is the same linear process as above.

Main results of Section 3 are the following:
Lemma 1 (Lemma 1) in [24, P.161]. Let

V=Y Ce;,

jeZ
here
{&;} being i.i.d. with Ee, =0, Ee' <0, 5% = Ee?

and {c,} is satisfying

aCEZ‘Ci‘<OO.

ieZ

Suppose Assumption B holds. Denote

:>||—\

58

t

Then
- in case S, =0 we have

R [ﬁzu2+2c j (1.7)

ieZ

where u is standard normal random variable:
-incase S, =0 we have

(1.8)

R—> ZC

nN—o0
icZ

Since convergence in distribution to a constant implies convergence in probability to
the same constant, (1.8) is a part of (1.7).

For a related result, see Theorem 3.7 of [17, P.979].

Lemma 2 (Lemma 2) in [24, P.163]. Let

=33

T t-1

18



where {v, } is

V=2 Ce

JeZ

here

{&} being i.i.d. with Ee, =0, Ee’ <o, o = Ee

and {c,} is satisfying

aCEZ‘Cikoo.

ieZ

Denote

ﬁc :ZCj '

jeZ

Then
-in case S, #0 we have

where {u,} are independent standard normal random variables;
-incase S, =0 we have

P
S, = 0.

n—oo

Comparing to Theorem 5.12 of [18, 172] we have the same result but under less
stringent assumptions on linear processes.

The main subject of Section 4 is convergence in distribution of quadratic forms
(1.6). Results concerning quadratic forms (1.6) are cast in a different format and have
a different area of applicability than those from the papers cited above.

The format, which links the asymptotic distribution to integral operators, was
suggested by Nabeya and Tanaka [32, P.129]. They required the integral operators to
have continuous symmetric kernels and the {vt} to be independent. Using the L -
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approximability notion allowed Mynbaev [16, P.308] to get rid of the kernel continuity
condition and replace independent {v,} by non-causal short-memory linear processes.

Here we go one step further by lifting the kernel symmetry condition.
Main results of Section 4 are the following:

Theorem 1 (Theorem 2.1) in [22, P.1309]. Let {V,_, satisfy Assumption A, and
let

n

Hkn _§n2K“2 :0(1j

hold, where K e LZ((O,l)Z). If K is nuclear, then
2
Q, (kn)%(anciJ > sufu®,
i i~1

where {u®}, {u®} are systems of independent (within a system) standard normals, s,
are s-numbers of K and

cov(ui(l),ugz)):(z//i,@) foralli, j,

here functions {y,} and {¢j} are from the representation of the operator k. If K is
symmetric, then u® =u® for all j.

In [26, P.34] shown analyzing variance of above CLT.
Theorem 2 (Theorem 2.2) in [22, P.1312]. Let Assumption A hold and suppose

that f, is L,-closeto F and g, is L,-close to G:
|, —6.2F|, =0, |9,-6,.G|, > 0.
Here, f,,g,eR" foreach n, F, GeL,(01). Put
k,=f,9,, K(s,t)=F(s)G(t).

The integral operator K with this kernel is not symmetric but it is nuclear (it is
degenerate). Denote

R = F/IFl,. G, =G/[G],.

Then
20



2
(k) =vky—{ 0. 3¢ | [Pl el ue

where u,, u, are standard normal and

cov(u,,u,)= .I R (t)G, (t)dt.

In case of CLT’s for linear forms (1.1) the method developed in [33, P.748] has
three advantages. Firstly, all sequences arising in the theory of regressions

Y, =a+ BL(t)+u, (1.9)

with slowly varying regressor L(t) turn out to be L_-approximable. Secondly, as is
shown in [33, P.748], using L_-approximability allows one to bypass some difficulties

arising in the Brownian motion method. Thirdly, as long as the linear process (1.2) is
short-memory, to have convergence of (1) in distribution, it is enough to establish that

{w,} is L, -close to some W e L (0,1).
It is this last fact that lets us concentrate on establishing L, -approximability of

certain sequences, which we do in Section 5. Here is an overview of the related results.
Consider a polynomial trend

f,=(1"...n"%)

or a logarithmic trend
f,=(In"L,....In"n)

and normalize it to get

Then {w, } is L -approximable to

F(x)=((k-1)p+1)""x*, keN,,

21



and

F=1,keN,,

respectively, for 1< p<oo (Theorem 2.7.1) in [1, P.80]. Here and below k >0 is an
integer.

Using the fact that certain spatial matrices are L, -approximable, Mynbaev [34]
gave the first derivation of the asymptotic distribution of the OLS estimator for spatial
models that does not rely on high level conditions.

A real-valued, positive, measurable function L on [A,«) is slowly varying (SV)

if
- L(rx)
Ixmm_lfor any r >0.
Denote
L L(t)-L =
e(x)= XL((X);) G(t,n)= L((Zl g(g;) w, =n PG*(t,n), t=1..,n. (1.10)

Phillips pointed out the importance of function G(t, n) for regression (1.9) with stable
errors and established a series of its properties, among them the fact that

G(rn,n)=logr[1+0(1)] uniformly in r €[a,b] forany O<a<b <.

Then under some conditions {w,} is L -close to log* x (Theorem 4.4.1) in [1, P.149].
Denote

1 G(t,n)—log:]
n(x)= ) u()=Z[e()+n(x)], H(tn)= OB (1.11)

1

W, =n "H (t,n), t=1..,n.

Then {w,} is L, -close to log® x (Theorem 4.4.8) in [1, P.157].

Sequences (1.10) and (1.11) appear in the theory of regression (1.9) with
stationary errors {u,}. In case of nonstationary errors, we need three more sequences:
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F(tn)= nLl(n)jZn_t:L(j)’ W, =n PEX(tn), t=1..n, (1.12)
I (t,n)=%j§i;G(j,n), W, = ni%l “(t,n), t=1...,n, (1.13)
3(6n)= S(L(0)- D) 114
where
[:%ZL(k), Wy —n "3%(tn), t=1..n,

Section 5 consists of proofs (Section 3) in [22, P.1313] that (1.12) is L, -close to

-1y,

(1.13) is L -close to

k
(tlog%—lﬂj

and (1.14) is L -close to

1 k
tlog=| .
[ gtj

As one can see from this list, by looking at a sequence it is difficult to guess its
L, -limit.
As we said earlier, we restrict out attention to models with deterministic regressors

(1.9). Most papers concentrated on quickly growing regressors, like polynomials [35-
37]. Phillips [3, P.558] was the first to consider SV regressors, of the type logt,

log(logt), ﬁ etc. Models with such regressors have many applications, see [5,
0g

P.1048; 6, P.19; 7, P.1; 8, P. 501; 9, P. 1, 10, P.1772; 11, P.1156].
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Consider the model (9). For the case when the errors {u,} are stationary, Phillips

[3, P.565] obtained the asymptotic distribution of the OLS estimators &, 3.
We consider integrated errors (Assumption B)

u, =pu_,+Vv, t=2,..,n, (1.15)

where p =1 under the null hypothesis and {vt}tez Is a non-causal linear process.
In Section 6 we have to find the asymptotic distribution of ¢ and 4. Uematsu [4,

P.10] characterized convergence in distribution of ¢ and $3, and it turned out to be

very different from what Phillips [3, P.565] had with stable errors. Section 6 consists
of a proof Uematsu’s result ([4, P.10]) on the asymptotic distribution of & and 4 under

less restrictive conditions. He relied on the Brownian motion method suggested by
Phillips [3, P.565]. As illustrated in [33, P.748], the L, -approximability approach is

more powerful than the Brownian motion method in case of problems involving SV
functions.
The importance of L -approximability is explained by the next result Mynbaev

[33, P.307] which will be applied in this dissertation work multiple times:
Theorem A. Suppose {v,} satisfy Assumption A. If {w_} is L, -close to W, then

n
for the sums S, => w,v,, we have
t=1

n—c0

1
s, N[O,azjwz(t)dtj,
0

2
2 2
where &2 :af(Zcij , o. =Ee;.
i

Main results of Section 6 are the following:
Lemma 3 (Lemma 6) in [23, P.94]. Denote by

a(az]

jez

Under Assumptions A, B and some assumptions on function L (Assumption 5.1 in
Section 5) the following statements are true:

1) If 0<@<1, then
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I If 0<@<1, then

1 N T d 2 ,
n\/ﬁL(n)g(n);(L(t)_ L)utW’N (O'EJ j

Theorem 3 (Theorem 3) in [23, P.95]. If L satisfies Assumption A, 0<#<1 and
u, satisfies Assumption B, then

%(oz—a) #N[O,E( 1 _lﬁ'
Ll o

Section 7 contains Monte-Carlo simulations [25, P.87] for OLS estimators & and
4 of the above regression model and compare this study with theoretical results

obtained in Section 6. Simulations were done in MatLab software packages.
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2 PRELIMINARY RESULTS AND ASSUMPTIONS

In this section we introduce useful lemmas, theorems and assumptions as well as
the main tools used in other sections to prove results.

2.1 Useful lemmas and theorems
Theorem 2.1. (Theorem 3.9.1) in [1, P.122]: Suppose that

(i) €2 are uniformly integrable and E(ejt |Sm_1):a2 forall t and n;

(ii) the sequence {t//j} _ is summable, i.e. ¢, <o

je

(iiii) the sequence {k,} is L, -close to some symmetric function K e LZ((O,l)Z) with

neN
the next rate of approximation

1

Ik, - 5,,K], =o(_j;

n

(iv) the integral operator K with the kernel K is nuclear.
Then we can assert that

-1f B, #0, then the quadratic form

Qn (kn) = V;lknvn )

converges in distribution to
2
(e8,) 2 A,

where {Ui} are independent standard normal and {i,} are the eigenvalues of K.
-1f B, =0, then

Q,(k,) > 0.

n—oo

Theorem 2.2 (Theorem 1) in [31, P.348]: Assume that H(r)(x) exists and is

00

continuous forall x, Esf <. If{K,{a,—}_

i ,{81-}1___00} satisfies c(2,2) forsome 2>0

, then
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N2 (K(x;)—EK(x;))iN(o,az),

n=1

where K is defined in [31] and

o =lim N-J\/ar[i(K(x;)— EK(X;))J, X! = j_iwc;gnj

N—o0
n=1

Lemma 2.1 (Lemma 3.6.1 (iii)) in [1, P.106]: To distinguish the 2-D and 1-D
cases, denote 5,fp as the operator defined in 2-D and 5,fp its 1-D cousin. If

F(x,y)=G(x)H ()<L, ((0.0))
then

(5nzp|:)st - (éﬁpG)s (5§9H )t forall $,t.

Lemma 2.2 (Lemma 2.3.2 ) in [1, P.55]: Let {l//]—}jez be a summable sequence of

real numbers, T, is a T -operator. If ¢, <o and 1< p<co, then

TO

n

T,

T

<
Il <,

sup|T,| <, and supmax{

Lemma 2.3 (Lemma 2.1.3 (ii)) in [1, P.46]: If Fe L , 1< p<co, then

SoF, <l

Theorem 2.3 [16, P.322]: Let {e ., T, } beam.d. array and let W, be a sequence
of Nx L matrices with columnsw?,...,w" . Suppose that
i) {e?} are uniformly integrable and E(e} |3, ,,)=o? forall t,n.
ii) the sequence {w) :ne N} is L,-closeto Fel,, I=1..,L.
Then
limV (We,)=0°G

Nn—oo0

and
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W'e 5N (0,6%G),

n—oo

where G is the Gram matrix of F,,...,F, .
Theorem 2.4 (Theorem 3.5.2) in [1, P.103]): Let {e , 3.} be a double infinite

m.d. array and let W, be a sequence of Nx L matrices with columns w?, ..., w". Suppose
that
i) {e?} are uniformly integrable and E(eZ |5, )=o” forall t,n.

ii) the sequence {w) :neN} is L,-closeto F eL,, I=1..,L,and
i) o, <oo.

With the same W_ and G as in Theorem 2.3, the following statements are true:
a)If g, =0, then

W, - N (0,(0@”)26).

N—oo

b) If g, =0, then

P
Wy, — 0.

Nn—oo

In both cases

limV (W, )= (O-ﬁw )2 G.

N—o0

Lemma 2.4 (Lemma 2.5.2 (i)) in [1, P.69]: Let { f_} be L_-approximable. Then

sup||fn||p<oo_
n

Theorem 2.5 [38]: Let L be defined on [A,0), A>0. Then L is SV if and only
if there exist a number B > A and functions ., s on [B,o0) with properties:

_ x o dt
) L= exp[u(x) o) s(t)—j;
t
ii) 4 is bounded, measurable and the limit ¢ = lim x(x) exists (C€R);
iii) & is continuous on [B,%) and limeg(x) =0.

Corollary 2.1 (Corollary 4.4.3) in [1, P.152]: If L=K(¢,4,) and 0 <1, then
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nL" ZLK =1-ke(n)[1+0(1)].
Corollary 2.2 (Corollary 4.4.2) in [1, P.151]: If L=K(z,¢,) and 6k <1, then

lim= ZG t,n =(—1)kk!.

n—>oont1

Lemma 2.5 (Lemma 2.7.2) in [1, P.80]: Let p<co. Let F be continuous on [0,1]
and suppose that a sequence {p,}, with p, e R" forall n, satisfies

Max

1<t<n pm

— ‘—)O, n — oo.

Denote f =n"Pp . Then {f } is L -closeto F.
Lemma 2.6 (Lemma 7.3) in [3, P.587]: If L=K (&), e=K(7), n=K(x),and

n(n)=0((n)), then
23 (L)~ C) =L2(n)s* (n)(1+0(1).

Lemma 2.7 (Lemma 4.6.4) in [1, P.178]: If {v } is L -close to v, {w,} Is L, -
close to W and numerical sequences {a,} and {b} converge to a and b,
respectively, then {a v, +b,w,} is L_-close to aV +bW .

2.2 Assumptions
Assumption 1. Let {e,F :tez} be a double-infinite m.d. array. Fixing a

summable sequence of numbers {c;: jeZ}, denote

V=D Ce teZ

jeZ

The array {v,:t ez} is called a linear process.
Assumption 2. {etz}t , are uniformly integrable and

E(e?|F)=0? forallt.
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Assumption 3. The sequence {cj, je Z} is summable, i.e. o, <.

Assumption 4. The process {u,} possesses a unit root under the null hypothesis
p=1lin

u =pu_,+v, t=1..n,

where {v,} is the same linear process as in Assumption 1.
Assumption 5 (this assumption implies Assumptions 1 and 2). The innovations
{8}, are independent identically distributed (i.i.d.), satisfy

Ee, =0, 6’ =Ee? <o, Ee! <o forany tez
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3 CONVERGENCE OF SOME QUADRATIC FORMS USED

REGRESSION ANALYSIS

IN

The goal of this section is find an asymptotic distribution of two quadratic forms

that arise in statistical applications.

Consider the linear processes {v,} satisfying Assumptions 1, 2 and {u,}

satisfying Assumption 4. Denote

n

1 n 1 t-1
Rn = _Zutflvt = _Z[Zvl )Vt
1=1

ni= n'=
and
1 n 5 l n t 2
SnZ—ZZUt :—ZZ ZVl ) nEN
n t=1 n t=1 1=1
with
e=1...,4 0,..,0|,d/={0,...,010,...,0 |, v =(v,..., v,)
t n—-t t-1 n—t
we can write

S
D v =ev, v, =dyv for s=1...,n.
1=1

So for (3.1) by (3.3) we obtain

13 18
Ry==) e vd v=v=>e dv=vay,
N

Ni=
0 1
0
) ) ) i 110 O
where a, is an upper triangular matrix of size nxn:a ==| . .
nl:
0 0O
0 0O
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One can show that a_ is L, -close to
1 s<t

F(S’t):{o,szt’

but the degree of approximation and the integral operator with F as a kernel are not
good enough to apply Theorem 2.1 for convergence in distribution of R . This is

because a_ is not a symmetric matrix. We note that

R = (v'anv)' =valv,

SO we can write

1 ! ! 1 I[ ! Ij 1 !
R,==V(a,+a,)v==2V|a,+a,+— [V-—V,
2 2 n 2n

here 1 is the identity matrix of size nxn. Denoting

m:%+%+l
n
we have
R = Ev'knv - iv'v :
2 2n

Let K(s,t)=1o0n (0,1)". Then

1 1 1 -
(kn)ij —(5n2K)ij =H—nj.dx=——ﬁzo forall 1<i,j<n,

ij n

here &, is a discretization operator. Thus,
”kn B 5n2K||2 =0.

The integral operator K is associated with K
1

(5 F)(x)=] f(t)dt
0

32
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has only one non-zero eigenvalue A=1; the corresponding eigenspace consists of
constants and is one-dimensional, all other eigenvalues are zero. By Theorem 2.1 we
can assert that

1. 1f g, #0, then

vk,v 5 (08.) u?, (3.5)

n—oo

where U s a standard normal, or
2. 1f g. =0, then

V'K,V —P> 0. (3.6)

N—oo

To deal with the second term in (3.4), we apply a CLT from [31, P.348]. Suppose
a function H has r -th derivative and let

H'” (x) =sup|H'

lyls2

x+y‘ A>0.

Definition 3.1. The triplet {H ,{cj},{ej}} is said to satisfy condition C(r, ) if
there exists a number 4 < (0,) such that

1. HW (x) exists and is continuous for all X€R,
2. Forall XeR

supE{Hﬁr)(x+ZcieiH <o (3.7)

|cZ icl

where supremum is taken over all subsets 1 = z.
Let {&/} be independent identically distributed (i.i.d.) and satisfies Assumption 5.

Put H(X)=X". Then (3.7) is trivially satisfied with r =2. By Theorem 1
ZV—EV)—>N(001) (3.8)

where

o-f:IimEVa{Z } o’y

=N t=1 ieZ
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From (3.8) we have

n N t=1 t=1
:i|:i (Vt2 — Evtz):|+1 EVt2 =0p (1)+12 EVt2 . (3.9)
NN N N
Since
Ev? = E_Z‘%cicjet_iet_j = ajZZ:cf ,
I, Je le
(3.9) implies
.1 P
lim=vv — c*> ¢?. (3.10)
n—o N n—o0

ieZ

From (3.4), (3.5), (3.6) and (3.10) we obtain the following statement.
Lemma 3.1. Let

V=D Ce

jeZ

here {e} , beingi.i.d. with Ee =0, Ee* <, o2 = Ee? and {Cj}_ , is summable

J€

sequence of numbers. Suppose Assumption 4 holds. Denote

1 n
R, __Zut Vi
Nz
Then
- incase g, =0 we have
¢ o’ 2,2 2
R, = 5| A +>.ct (3.12)
N—e ieZ

where u is standard normal random variable:
-incase S, =0 we have
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P 2

R —»Z%¢? (3.12)

n—)oo 2 ieZ

Since convergence in distribution to a constant implies convergence in probability to
the same constant, (3.12) is a part of (3.11).

For a related result, see Theorem 3.7 of [17, P.979].

For (3.2) by using (3.3) we have

S :i eve’v:v'iZetet’v:v'b v (3.13)

n 2 2

where b, is a symmetric matrix of size nxn:

1 1_1 1_2 1_n;2 1_n__1
n n n n
1_3 1_3 1_2 1_n;2 1_n_—1
n n n n n
1 1-2  1-2  1-% p-n=2 4 _n-l
b, == n n
1_n—2 1_n 2 1_n—2 _ 1_n—2 1_n—l
n n n n n
1_n—l 1_n—l 1_n—l 1_n—l 1_n—l
n n n n n

In other words,

o-(H{u-mac{12 521

For given s,te(O,l)2 choose 1<i, j <n such that

It is easy to see that b, is L, -close to a symmetric function
B(s,t)=1—max{s,t}.
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We need to know the rate of approximation. For this consider

%(1— max{ﬂj—_l}j— nj(l— max {s, t})dsdt

n n %

bn,J _(5nzB)ij =

>S5

j{ i(l max{Tl J__l}j—n(l—max{s,t})}dsdt

)

<

Gij

Thus,

”bn _5nZB||§ = Z

ij=1

2 1
bni,j _(5028)“‘ = O(_zj :

n

The integral operator K is associated with B in the following way

B(x,t) f (x)dx

(x6)(0)=

O'—.l—\

and let us consider the integral equation for 4 and f (t)
1

f(t):ﬂjB(x,t)f(x)dx,

0

here A is the eigenvalue of the kernel B(s,t); the corresponding solution f (t) is an

eigenfunction for the eigenvalue 4. According to [18, P139] eigenvalues of kernel
B(s,t) are

NCU

with multiplicity 1 and corresponding eigenvectors are
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f(t)=ccos /At with C=0.

By Theorem 2.1 we can assert that
1. 1f g, #0, then

'bv—> (aB,)" Y Au? (3.14)
i=1

N—»00

where {u,}.

2.1f p.=0, then

are independent standard normal random variables, or

P
vbv —0. (3.15)

Nn—oo

From (3.13), (3.14) and (3.15) we obtain the next statement.
Lemma 3.2. Let

=53]

G

where {V,}IEZ as in Assumption 1. And let Assumption 2 hold. Denote

ﬁc :ch !

jeZ

Then
- incase g, =0 we have

where {Ui} are independent standard normal random variables;
-incase S, =0 we have

P
S, — 0.

n—oo

Comparing to Theorem 5.12 of [18, P.172] we have the same result but under
less stringent assumptions on linear processes.
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4 CENTRAL LIMIT THEOREMS FOR LINEAR AND QUADRATIC
FORMS

The main subject of this section is convergence in distribution of quadratic forms
(1.6). For this let us recall some definitions from Definitions section and we need some
facts from the theory of operators in Hilbert spaces (all of them can be found in [2]).
Let A be a compact linear operator in a Hilbert space with a scalar product (-,-). The

1
operator H :(A”‘A)E is called the modulus of A, here A" is the adjoint operator of

A If A=A", then we say that operator A is selfadjoint. The eigenvalues of H,
denoted s, 1=1,2,..., and counted with their multiplicity, are called s -numbers of A

. U denotes a partially isometric operator that isometrically maps the range R(A*)

onto the range R(A). Then we have the polar representation A=UH . Denote r(A)
the dimension of the range R(A) (r(A)<x).

Let {¢j} be an orthonormal system of eigenvectors of H which is complete in
R(H). Then, we have the representation

or, denoting v, =U¢,

Ax=D s (% ¢y, (4.1)

i=1
where {4} and {y,} are orthonormal systems,

Hg =s¢, lims; =0.

In particular, when A is selfadjoint, {¢} are eigenvectors of A and

where {4} are eigenvalues of A.
Let us apply (4.1) to an integral operator

(x1)(s)=

K(s,t) f(t)dt, feL,(01),

O!—‘I—‘
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with a square-integrable kernel K e LZ((O,l)Z). From

[K(st)f (t)dt:Zsij f(t)¢ (t)dtw,(s)

we get

J.{K(s,t)—zi:siwi (s)¢ (t)} f(t)dt=0 ae.

Because f is arbitrary, we have the decomposition
r(A)
K(s,t)=Y swi(s)d(t), (4.2)
i=1

1
where s, and ¢ are, respectively, the eigenvalues and eigenvectors of (KK)5 and

v =Ug;.

The fundamental idea of Nabeya and Tanaka [32] was to postulate that the
matrices k_ in (1.6) approach in some sense a function K on (O,l)2 and express the
limit properties of Q, (k,) interms of the properties of the associated integral operator

K.
Let us recall definition of nuclear operator.
Definition 4.1. The operator K is called nuclear if

D s <o0 (D |4 <o when & is selfadjoint).

Nabeya and Tanaka [32, P.219] required K to be continuous and symmetric and
K to be nuclear. Mynbaev [16, P.307] used L -approximability, which allowed him

to relax the continuity assumption and replace i.i.d. {Vt}tez with linear processes. Here
we develop his approach further by lifting the symmetry condition.

Definition 4.2. Let K Lz((O,l)Z). For each natural n and 1< p <o, we define an

nxn matrix
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]
[ [ K(st)dsdt, 1<i,j<n. (4.3)
i1

We say that the sequence {k } is L,-close to K if

1
2
(Z(kn _5n2K);] :Hkn _5n2KH2 —0.

By

Unlike the one-dimensional case, where L, -approximability of {w,} is enough

to have convergence in distribution, in the two-dimensional case one has impose a
stronger condition on the rate of approximation. Mynbaev [1, P.122] proposed two
such conditions. In Theorem 3.9.1 the conditions on the innovations are weaker (e’

must be uniformly integrable) and the requirement on the rate of approximation

1] (4.4)

”kn N 5n2K||2 = O(H

is stronger than in Theorem 3.9.7, where the fourth moments Ee! must exist but the
rate of approximation

”kn h 5n2K”2 - 0(%} 9)

is less restrictive. For simplicity, we adhere to Assumptions 3 and 5, which allows us
to use (4.5), remembering that in cases (3.4) and (3.5) Mynbaev’s conditions on {Vt} .

from Theorems 3.9.1 and 3.9.7 can be repeated word for word.
Theorem 4.1. Let {V,| _ satisfy Assumption 5 and let Assumption 3 and (4.5)

hold. If K is nuclear, then

teZ

i~1

Q, (kn)%(ancij D> suPu®,

where {ui(l)}, {ui(z)} are systems of independent (within a system) standard normals,
{s;} are s-numbers of K and

cov(u®,uf?)=(w,.¢,) forall i, j.
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If K is symmetric, then u® =u® for all i.

Proof. We can exclude symmetric K covered in Mynbaev [1, P.126]. The proof is
similar to that of Theorem 3.9.7 (all references are to Mynbaev [1]), so we indicate
only the modifications. (4.2) above is analogous to equation (3.38), which holds in the
symmetric case. Hence, the initial segment of (4.2) is

L
s,t)=> sy (s)a(t
i=1
Subtracting from (4.2) its initial segment and applying Lemma 2.1 we get

(52K =05KL), =25 (0w), (0rath), (4.6)

i>L

where 52, = 5., is the two-dimensional discretization operator defined in (4.3) and &,
Is its one-dimensional version defined by

(65F) =n i’j F(x)dx, I=1..,n.
i-1

Combining (1.6) and (4.6) we have

Qu(073K)~Qu (37K, ) = XY (5h1), v (374 v

i>L  st=l

s () o (o) v @)

i>L

By Section 3.3.5 about the T-decomposition for means of quadratic forms

EH(512‘/") }[(5@)’@'} _

(T0512l//l’ 0512¢) (T ST, 512¢) ( N7 +é‘lz(b)‘

(applying the Cauchy-Schwarz inequality)
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Tnoéﬁ 2 i

Zl/ll

&l

B, + ],

+§12V/| H +512¢ H :|

(using boundedness of the operators T°, T, T,”, see Lemma 2.2)

<3(0,0

(using boundedness of the operators ¢&*,, see Lemma 2.3)

2‘//|H

<3(,e0) |l il = 3(oes ) @8)

By nuclearity of K from (4.7) - (4.8) we have

) Y's =0, Lo,

i>L

‘E(Qn(ﬁfzK))—Qn(éfzKL) <3(o

The conclusion is the same as in Section 3.9.3:

pIim[Qn(ész)—Qn(észL)] =0 uniformly in n.

L—
Turning to the analog of Section 3.9.4, note that by selecting
Wy =S 1 =L Ly Wy =5, 1=L 410,20,

we satisfy condition (ii) of Theorem 3.5.2 with

F=w,l=1.L;F=¢, I=L+1..,2L.

n n

With W :(w1 ..... wnZL) by Theorem 2.4 we have

Wy— 5N (o,(ancij GLJ, n— oo, (4.9)

where
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(‘//17.91/1) (Wl’.l//L) (V/1'1¢1) (l/jli¢L)

G = (l//L.’l//l) (V/L:l//l_) (V/L"¢1) (l//L.’¢L)
- (¢1’.‘//1) (¢1’.WL) (¢1’¢1) (¢1’.¢L) .

(¢L’l//1) (¢L’.§[/L) (¢L’¢1) (¢L’¢L)

Since both systems {4}, {y,} are orthonormal, this can be written as

( I HLJ
GL: , )
H

where the identities are of size Lx L and H, has elements (4,y; ). It follows that (4.9)

Is equivalent to
u®
(4.10)
u®

where u®, u® are standard normal vectors and

GZC

n—o0

cov(u(”,u(z)): H, .

Similarly to equation (4.7),
Qn(gnZzKL):ZSl( 2‘//|) ( 2¢)

i=1

This is a continuous function of the vector at the left of (4.10). By the continuous
mapping theorem then

Q,(d5K ) —1— (0 ch isiui(l)ui(z)_
i=1

Establishing the analog of 3.9.4 is complete.

3.9.6 goes through with obvious changes. 3.9.10 is not impacted by the fact that
K is not symmetric. The proof of the generalization of Theorem 3.9.7 is complete. #
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Remark. We use this opportunity to comment on the relationship between
Theorem 2.4 used in the above proof and a classical result [39]. The conditions on the
stochastic and deterministic parts of the process in this work are more general than in
Theorem 3.5.2. However, there is no analysis of the limit of the normalizing sequence
{o,}. Inour results, it is the main selling point, without which the statement on the

covariance structure in Theorem 4.1 would be impossible. On a related note, in [40]
there is analysis of the normalizing sequence but the focus is different: the variance of
the limit distribution is tied to the spectral density.

Recall the discussion about rates of approximation (4.4), (4.5). An interesting
question is: under what conditions on matrices k_ & and the kernel K just

|k, —8,2K|,, =0(1) would be enough for the CLT hold? The answer contained in the
next theorem means that it is true when essentially the two-dimensional case can be

reduced to the one-dimensional.
Theorem 4.2. Let Assumptions 1 and 3 hold and suppose that f_is L, -close to
Fand g is L,-closeto G:
|, -6.2.F|, =0, |9,-6,.G|, »0. (4.11)
Here, f,,g,eR" foreachn, F, GeL,(0,1). Put

k,=f.0,, K(s,t)=F(s)G(t).

The integral operator K with this kernel is not symmetric but it is nuclear (it is
degenerate). Denote

Fo=F/IF[,. G, =G/|G],.
Then
2
Q,(k,)= V’knv%(cerCij IFILIG, uu, . (4.12)

where u,, u, are standard normal and

cov(u,u,)=| K (t)G,(t)dt.

O'—.l—‘
oN

Proof. In the proof of Theorem 4.1 we showed how to deal with the fact that K is not
symmetric. Here we show how to lift the restriction (4.5). By Lemma 2.1
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(5:2K)St = (5?2': )S (5§2G )t :
For an nxn matrix A denote

1
2

g(A)=| E(v,Av,)" |

Since g(A) is aseminorm, we have
g(kn _5r122K) = g( fngr: _(éﬁzF)(éﬁzG)'j

< g(( fn _5:2':)9:1)"' g((é‘iZF)(gn _éﬁzG) )

Here the matrices

A =T, —6,F, A=5,F
are just columns and the matrices

B,=9, B, :(gn _5§2G)
are just rows. Applying the last inequality of Section 3.9.9, we have

, 2 2 2 -

E(VnABiVn) = C”Ai”z ”Bi“z | :1’2’

which is just another way of writing

g((fn—§,}2F)g;)§c

9((§§2F)(gn —5§ZG),j <c

By Lemma 4.3 and Lemma 2.4

fn o §§2FH2 ||gn|

N

g, — 5%26 .

éﬁzFHz

N

Sup||gn|| <o and sup

5§2FH<00,
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so (4.11), (4.13), (4.14) imply
g(k, - 55K)—0.
This gives Equation (3.50) in [1, P.123]. The rest of the proof of convergence in

distribution is the same.
We need to justify the format of the limit distribution. The operators k¥ and K~

are given by

(F)(s)=K(s:t) F(t)dt=F(s)[G(t) f (t)dt=F (s)(G. ) (4.15)
and

(x°g)(u)=[K(s.u)g(s)ds=G(u)[F(s)g(s)ds=G(u)(F,g)- (4.16)
Hence,

("5 f)(u)=G(u)(G, OIF;-

If f isan eigenvector of K"K, it should be proportional to G, i.e.

f =cG,

and from the above

K'Kf=Af
implies

G (u)c|G[;IF[; = 4cG (u).

This gives

2=[GlLIFl;
and

s, =[G, |F,.
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The corresponding eigenvector is G, . The subspace H, of functions proportional to G
is one-dimensional. Let f L H,, that is,

(G, f ) =0.
(4.15) - (4.16) show that
K'Kf=0

on all such functions. Hence, s, =0 for j>1. From (4.15) - (4.16) we see that the
range R(x") is spanned by

G, =G/lcl,
and the range R(x) is spanned by
R =F/IFl,.
The required partially isometric operator obtains by setting
UG, =F,.
Thus, (4.12) follows from Theorem 4.1, where
s, =|GLIFI,. s —ofor j>1,

u®, u® are standard normal

and

cov(u®u®)=(4.p1)=(F,.Go).
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5 SLOW VARIATION AND L -APPROXIMABILITY

The main goal of this section is prove L, -approximations of some new sequences

introduced in Overview.
First, let us recall the definition of SV functions and consider examples.

Definition 5.1. A positive measurable function on[A,oo) , A>0,isslowly varying
(SV) if

L
Iimﬁzlfor any r>0. (5.1)

L)

Examples of such functions are L,(x)=1logx and L,(x)=1log(logx) because

L,(rx) _logr +logx Y
L, (x) logx x>

L, (rx) _ log(logr +log x) _ log(logx)+ Iog(1+(log r/log x))
L, (x) log(log x) log(log x) x|

Similarly, L,(x)=1/logxand L,(x)=1log(logx) are SV. The function Ly (x)=x*,
a=0, is not SV because

(rx)*/xt =r?

does not tend to 1 unless r =1.

The seemingly innocuous condition (5.1) in fact entails many strong properties.
We shall be using, often without explicitly mentioning, the following standard
properties of SV functions [38]:

a) If L is SV, then L is SV forany acR.
b) If L and M are SV, then L+M and LM are SV.

c) If L is SV, then (5.1) as actually uniform inr €[a,b], for any 0<a<b<w

(uniform convergence theorem).

d) If L is SV, then x"L(x) > o, x"L(x) -0 forany y>0.

If L is SV, then by the above Karamata theorem there exist a number B> A>0
and functions x, & on [B,) such that

L(x) :exp(y(x) + J}e(t)%), (5.2)
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here 4 is bounded, measurable, the limit lim «(x) exists and is finite, & is continuous
on [B,x) and lime(x)=0.

X—>0

Following Phillips [3, P.560], we make a simplifying assumption that
L =const.

Phillips argues that asymptotically this does not affect regression estimation because
the asymptotic behavior of representation in Theorem 2.5 (i) is equivalent to that with
p=const. To this justification we can add that if , is good in the sense that , is

continuously differentiable and

limxu'(x)=0,

X—>00

then the Phillips assumption is satisfied. Because if . is continuously differentiable,
then

L(x)= EXp{ﬂ(X)ﬁg(t)g = exp[iu'(t)dt +,u(B)+JX‘g(t)%}

B

(ty'(t)+g(t))%).

_exp[ﬂ(s>+

0 ey <

So, if additionally

limxu'(x)=0,

X—>00

we have a new representation of the same function L with a constant ;. Thus, (5.2)
can be equivalently written as

L(x)=c, exp[jg(t)%] (5.3)

with a new continuous function & on [B,o) such that lime(x) =0 [1, P.133]. When

(5.3) holds, we write L =K(¢&) in this case, omitting the constant c,_ from the notation.
The function in this representation is called an & -function of L.
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Further, & can be extended to the segment [0, B] in such a way that the integral
B
I@ dt exists (e.g., one can set ¢ equal to O in the neighborhood of 0 and interpolate
0
continuously between that neighborhood and [B,)). This will amount to redefining

L on [0, B], which does not matter asymptotically because only a finite number of

regression equations are affected. In any case, L can be considered continuous and
positive on [0,c0). From now on we assume that such adjustments are made.

For some expansions we need to assume that |g(x)| is also SV and & has
Karamata representation

g(x)=c, exp[jn(t)%j for x> B

for some (possibly negative) constant c,, where 7 is continuous and n(x)—>0 as
X — 0. In such cases we also write & = K(n), remembering that & can be negative.

The number of different conditions in this theory may be daunting. To reduce it, in
some cases we assume a little more than is required by a puristic approach.

So, we understand that it is convenient to assume that L is continuous and does
not vanish on [O,oo), which can be achieved by properly extending the function & on
[0,B).

For L=K(¢),

e(x)= X (X)—>0 as X — oo

L(x)

Using this formula we calculate and collect in Table 1 below expressions for ¢ and
in the sequence L=K(¢&),e=K(n), (the role of the function

1

()= () +n(x)).

Is disclosed in Mynbaev’s book (Section 4.2.7) in [1, P.142]. In Table 5.1 we denote
l,(x)=log(x), I,(x)=1log(log(x)) and assume y >0 itis the (Table 4.1) in [1, P.134].
The table contains the functions of most practical interest against which the plausibility

of new assumptions should be checked.
Expressions arising in regression statistics involve values L(t) for 1<t <n. For a

fixed 6€[0,1), the values L(t) with Sn<t<n can be handled using the uniform
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convergence theorem. The values L(t) with 1<t <c, for any ¢ >0, asymptotically do
not present a problem because of continuity of L. To cover the remaining values L(t)

with ¢ <t <6n, we need one more condition. Let us call a remainder a positive function
¢ on [0,0) with properties:

i) ¢ is non-decreasing and limg(x) =,

i) there exist positive numbers @, X such that x ?¢(x) is non-increasing on
[X,oo).

L is called SV with remainder ¢ if for any I >0 instead of (5.1) one has

L(rx) 1

L(%) 1O(WJ o

Table 5.1 — Basic SV functions

L £ 7 u Leu
L=l 4 1 1r-1 7/(7_1)|7—2
, , 2 |, 2
L, =1, 1 1+1, 1 1
1, L 2, KN
1 1 1 1 1
=7 o, o o, ¢
L4=£ 1 1+1, 2+, 24;I32
, 1, 1, 211, 2131

The following result allows us to handle the values L(t) with c<t<on:

Lemma 5.1 [38, P.102]: If L is SV with remainder ¢, then for any b> @ there
exist constants M, >0 and B, > B such that

Y<M,r 1 4(x) for x> B,, By cr<t,
X

Assumption 5.1 (on SV function L). a) L=K(¢), that is, (5.2) holds, with &
described after (5.3).
b) £ is SV in the general sense (5.1).

c) There exists a remainder ¢, with properties i), ii) above such that for some ¢ >0
holds the following:
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1
¢4, (x)

1
<|e(x)| < — forall x>c. (5.4)

¢,(x)

We write L=K(&,4,) to mean that L satisfies Assumption 5.1. Note that all
practically important SV functions from Table 5.1 satisfy this assumption with

and number @ >0 which can be chosen arbitrary close to zero. For our final results on
L, -approximability, on top of Assumption 5.1 we shall have to impose more

conditions, and all of them hold for functions from Table 5.1.
Let us consider the function F defined in (1.12). Let [a] denote the integer part

of aeR. Now we can proceed with our new results contained in the next lemmas and
theorems:
Lemma5.2. If L=K(¢,4,), 8<1, then

a)

F([rm].n)=1-r+0(1), n - oo,

uniformly in r e [5%} forany 6 €(0,1).

b) For all large n we have

‘F([m],n)‘gc uniformly in r €(0,5]

with a constant ¢ independent of & (0,1/2].
1. ..
Proof. a) r 6[5,5} implies

n
no<rn<—.
o

Since nr =[nr]|+a with 0<a <1, we have for all large n

nr{—-1
S_gs a+l _[r]-1 1 a+1_ 1 (5.5)
2 n n o n o
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By Corollary 2.1

L 2 O=1e()1+ow)] 56)

SO

()| SH0- 3 )

:(1—g(n)[1+o(l)])—([m]_l)l_([m]_l)(l g([m]-1)[1+0(2 ]) (5.7)

nL(n)

According to the definition of & we can continue (5.7) and have

F(lmln)=(ro)- ([m]_i&r(w[)m]_l) (1+0(2). 58)

The o(1) here is uniform in r because by (5.5) [rn]-1> ng. By the uniform

convergence theorem (5.7) also implies

L[[mr]l_l-n]/L(n):1+o(1).

F([r].n)=(1+0(1))- [m]_l-L([m]_l)-(1+o(1)):1—r+o(1)

n L(n)

Hence, continuing (5.8)

uniformly in r
To prove b) consider two cases.
Case 1. (B, +1)/n<r <&, where B, is the constant from Lemma 5.1. Obviously,

(t

nL(n)

t t

Z

t=1

‘F([rn],n) + g]: (5.9)
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By (5.6), the first term at the right is 1+ 0(1). L is continuous and bounded on [o,8,],
SO

& L(t) | cB,
tzlnL(n) Sy 0 o (5.10)

The first term is the most difficult to bound. From
B, +1<t<[m]-1

and

N |~

we have

B,/n<t/n<([rm]-1)/n<r<1,

so by Lemma 5.1

t
Ll —-n
[rn]—l L(t) 1 [rn]—l (n ] 1 [rn]—l
<= -1+ = 1
t:BZb:ﬂnL(n) ntzszb:ﬂ L(n) ntzszblﬂ

M, M) 1
Sn¢(n)t_§ﬂ(ﬁj +qlml-8-1). G4

Recall that 0 <@ <1 and the number b > @ is arbitrarily close to &, so we can choose
0<b<1. Geometrically it is obvious that for any integer 0<a<N

N N
zN: t° < [trdt< [t (5.12)
0

t=a-1 a

and therefore



[%1 < [mfhtbdt _(ml=1) = .

t=B, +1 0 1-b

Using this we can continue (5.11) and get

_o (Im] 1)
= (n nj +13c1¢(n)+1§cz. (5.13)

(5.9), (5.10) and (5.13) prove boundedness in Case 1.
Case 2. 0<r <(B, —1)/n. Inthis case

[r]-1<rm-1<B, +1.

The third sum in (5.9) is empty; the rest of the proof does not change. #
Theorem 5.1. For p e[1,:0) and integer k >0 define a vector w, € R" by (1.12).

If L=K(&,4,), <1, then w, is L -close to

fi () :(1_t)k :

Proof. We need the following fact [1, P.149]: definition of interpolation operator is
equivalent to

(Aan)(U)= nl/pw[nu+l]' O<u<l. (5.14)

Therefore in our case by using (5.13) we obtain

(A,w)(u)=F*([nu+1],n), 0<u<1.

1
Let 0<5£§’ o <u<l. Define

r:[nu+1].

From the inequality
55



nu<[nu+1]<nu+1

we have

1 1
osu<r<u+—<—,
n

if n is sufficiently large. Hence,

1
r=u+o(l), n—oo; re{&g]

This and Lemma 5.2 (a) imply
F([nu+1],n)=F([rn],n)=1-u+0(1), n —>oo, (5.15)

uniformly in U €[8,1).
Now let O<u<d. Then

[ru+d] | nusl o1 o5

n n n

0<

if n is large enough. By Lemma 5.2 (b)
‘F ([nu +1],n)‘ = ‘F([rn],n)‘ <c for ue(0,6). (5.16)

Obviously,

[j ([nu+1],n)-(1-u)" pdqu

+@<1-u>\ T ffeweners)

By (5.15) - (5.16) this can be made as small as desired, by selecting first a small 0 and
thenalarge n. #
Next consider the function 1 defined in (1.13).
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Lemma 5.3. If L=K(¢,¢,), 8<1, then for each 5 (0,1)
a)

I ([rn],n) :(1+ o(l))(rlog%—u r), n— o0,

1
uniformly in re{ 5} (the 0( ) depends on o),
b)

‘I([rn],n)‘SC

for r €(0,5], where ¢ does not depend on 0.
Proof. a) If r>& and n>t>[rn], then

1>t>[r]/nx[6n]/n=6-1/n>65/2

for alarge n. By (1.10)
G(t,n):G(%n,nj:(1+o(l))log% for []<t<n,

where 0(1) does not depend on t. Hence, denoting S = [rn],

I([rn].n)=(1+0(1 )ntzsllog— (1+0(1 )) Iog%
=(1+0(1))= Iog(slglﬁ,

By Stirling’s formula [41, P.371], for each natural n there exists & =6(n)<(0,1) such
that

So,
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L([r].n)=(1+ o(l))llog

n _ s—1 H(S—l)
27[(8 _1) ( S 1j pl2s) pn-s+

e
s-/2 . . 0(n) o(s-1)
1 n s-1 ™ on 12(s-1)
=(1 1))=I —_—
(1+0( ))n Og[(s—lj e ]
-1
n 2n n n 12n®  4528-1
n
Since
rm-1<s=[rn]<rmn,
we have
E:r+o(1), S—_1:r+o(1) uniformly in rE(&l).
n n o

Using the fact that st Is bounded and bounded away from zero,

for large n, we have the bounds

-1
1|og(3—_1j <Lcs),
n n n
1 2
n°(s-1)/n| n°’

This and (5.17) prove part a).
b) First consider the case
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<r<o
n
and write
LI L(t)
n -1
ol
From
m-1<[m]<t<n
we have
ESr—islﬂ,
n n n

so by Lemma 5.1 and (5.12)

(mof s ()

n‘g t m
M nb S Y/ 1
t <—b. <C. 5.18
REOLD 1-b e (n)4(n) (518)
The last bound holds by (5.4).
Now let
O<r< B, +1.
n
Then for
t<[m]-1
we have

t<rn<B, +1
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and |L(t)| <c,. By Corollary 2.2, we have

%iG(t,n)—ﬂ
‘([rn] )‘3 le (t, n)+%[:nz]1:1@(t,n)
ol rn]1|Lt|+J<C+[rn]_1 M
| | ( n H=e n|5(n)|[L(n) 1]_ 3 (5.19)

This is because |¢(n)|, |¢(n)L(n)| are SV and
nle(n)|— o0, nje(n)L(n)|—oo.

(5.18) and (5.19) prove b). #
Theorem 5.2. For p e[1,:0) and integer k >0 define a vector w, € R" by (1.13).

If L=K(&,4,), <1, then w, is L -close to

1 k
fk(t):(tlogf—lﬂj :

Proof. The proof is similar to that of Theorem 5.1, just replace Lemma 5.2 with Lemma
53.#

Now consider the function J defined in (1.14).

Lemma 5.4. Suppose L =K (&,¢,), @<1. Then for each 6 €(0,1)

a)
J ([rn],n)=(1+o(1))rlog%, n— oo,

. . 1
uniformly in r € {55} .

b)
‘J ([rn],n)‘ <c for re(0,5],
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where ¢ does not depend on 0.
Proof. Obviously,

Use here (5.6) to get

J ([rn],n) = ([rn],n)+(1+ 0(1))1 >

n t=[rn]

)n—[l;]n]+1

=1([rn],n)+(1+0(1)

(applying Lemma 5.3a))

=(1+ o(l))[r Iog%—1+ rj+(1+ 0(1))(1-r+o(1))

:(1+o(1))rlog%.

In all of the above the 0(1) does not depend on .
b) Incase O <r <o just use part b) of Lemma 5.3 instead of part a). #
Theorem 5.3. For P e[l,oo) and integer K >0 define a vector W, € R" by (1.14).

If L=K(&,4,), <1, then w, is L,-close to

f(t) :(tlog%jk.

Proof. Just replace Lemma 5.2 in the proof of Theorem 5.1 with Lemma 5.4.
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6 ASYMPTOTIC DISTRIBUTION OF OLS ESTIMATORS

The goal of this section is to prove asymptotic distribution of OLS estimators in
(1.9).
For the simple regression model

Vi :C(+,BL(t)+Uta t::l-!-"ln:

one version of the formulas for the OLS estimates ¢ and 3 is (Section 3.1) [42]

p-p=3(0-0u[ -7 | 6
and
d—a:U—E(,B—,B), (6.2)

where

are the averages.
The main result of this section is:
Theorem 6.1. If Assumptions 1, 5 and 5.1 hold and, additionally, &=K(#),

=K (), 1(n)=0(2(n)), then

o Lot )
%(ﬁ—ﬂ) n—>0 27 \-1 1

We will prove this theorem later. First we start studying of convergence in distribution
of

=0 2, -5 p)
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which are part of @, ﬂ

n—oo

Lemma 6.1. a) zln—>N(O 3}

b) If £=K (7)., 7 =K (u) and 7(n)=0(&(n)), then z,, admits the representation

1+0(1) ¢ _
= L(t)—L
ZZn n\/ﬁl_(n)g(n)é( () )ut
(6.3)
=13 (G(tn)+ 1)y, +0, (1)
NN ‘=
and
d 20°
Zon 2 N1 0= | (6.4)
Proof. a) We have
1 n 1 n t 1 n n
2, =—F— ) U =—+ Vi=—=) V)1
" ntzzl“t n ntzzl“.zzl“' n n.zzl:';
1 < 13 t-1
= vi(n-1+1)=—F (1——jv
n\/ﬁ; { ) ntzl n )"
By Lemma 2.5 the sequence
1 1 -1
W”:ﬁ(l’l_ﬁ""’l_nTj is L, -close to F(x)=1—x. (6.5)

Since _[F x ) dx —% statement a) follows from Theorem A.

b) By Lemma 2.6

Combining this with (6.1), we get
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L, 1+0(1) ¢ R
o= dat(me(m 2O E)u

Adding and subtracting L(n) and using Corollary 2.3, we obtain

n\/ﬁZ( (t.n)+1)u, + (G (G(t,n)+1)u,

t=1 nvn t=1

Changing the order of summation,

j( G(t,n)+1)u, n%iv,j( (tn)+1)

(6.6)

(6.7)

The sequence i(I (1n),...,1 (n,n)) is L, -close to tlog%—1+t (Theorem 5.2), so

Jn

the sum of this sequence and the one in (6.5) by Lemma 2.7 L, -close to W (t) =t Iog%

2

. Since J'W t)dt =>7 by Theorem A the variable in (6.7) converges in distribution

0 N( ,2;7 ] Now (6.3) and (6.4) follow from (6.6). #

Proof of Theorem 6.1. We know from Lemma 6.1 (b) that

By (6.2) and Corollary 2.3
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e e S ()

=¢(n)z, (1 +0(1)) N (ﬁ—ﬂ)

=¢(n)z, —(1+0(1))z,.

By Lemma 6.1 this equals to —z, + o, (1). This proves the theorem. #
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7/ MONTE-CARLO STUDY FOR OLS ESTIMATORS FOR
REGRESSION WITH SLOWLY VARYING REGRESSOR

In this section we will present some simulations in MatLab.

é(n) L(n)e(n)

We implement n (o?n —a), T(,@n —,8) for four types of slowly
1
varying  functions  L(t)=log(t),  L(t)=log(log(t)),  L(t)= o0(1)’
L(t):; and two types of coefficients c, :% and C = L 5. The fit
log(log(t)) i (i+7?)
quickly improves as the number of iterations and the number of observations increases.
L .
These are shown in Figures 1-4 for a(n):%(d—a), b(n):%(ﬂ—ﬂ),

where L(t)=log(log(t)), numbers of iterations are equal to 1000 and 10000, the

number of observations is equal to 300. Based on Theorem 5.1, we expect this to work
for all types of slowly varying functions and any absolutely convergent coefficients.
As you can see in these figures, a(n), b(n) data come from normal distribution,
against the alternative hypothesis that the cumulative distribution function of the data
is not from the normal distribution, MatLab program returned value of h=0 indicates
that test fails to reject the null hypothesis at significance level 5%. The cdf of b(n) is

shown in Figure 5.
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Figure 1 — Empirical pdf of a(300) with 1000 number of iterations
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CONCLUSION

The dissertation considers:
1) central limit theorems for quadratic forms of linear processes;
2) a couple of new L _-approximable sequences;

3) a model
Vi :a+ﬂL(t)+ut, t=11---1n1

with a slowly varying (SV) regressor, integrated errors (u, = pu,_, +Vv,, t=2,...,n)
under the unit root and {v,} is a non-causal linear process, i.e. v, = > ce, .
ieZ

Assessment of the completeness of the aims of the work. All results are new
and based on our own methods and tools. In this work we have:

1) obtained convergence of some quadratic forms used in regression analysis.

2) obtained central limit theorems for linear and quadratic forms.

3) added a couple of sequences to the list of L_-approximable sequences

contained in Mynbaev [16, P.322].
4) proved Uematsu’s result [4, P.10] on the asymptotic distribution of OLS

estimations & and 4 under less restrictive conditions.
5) done Monte-Carlo simulations for the asymptotic distribution of OLS
estimations ¢ and 3.

Therefore, the work objectives were completed.

Suggestions on applications of the obtained results. The results obtained in this
area can be used during the study of unit root test statistics, the problem of early
detection of bubbles, and other statistical and econometrical problems.

Assessment of scientific level of the work in comparison with the
achievements in the scientific direction. The results obtained are on par with the best
achievements of foreign colleagues and contribute to the study of statistics and
econometrics.
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